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Abstract
We study scattering of noncommutative solitons in 2+1 dimensional scalar field
theory. In particular, we investigate a system of two solitons with level n and n′ (the
(n, n′)-system) in the large noncommutativity limit. We show that the scattering of
a general (n, n′)-system occurs at right angles in the case of zero impact parameter.
We also derive an exact Ka¨hler potential and the metric of the moduli space of the
(n, 1)-system. We examine numerically the (n, 1) scattering and find that the closest
distance for a fixed scattering angle is well approximated by a function a+b
√
n where
a and b are some numerical constants.
It has been recognized that noncommutative field theory is interesting because it
has various non-trivial solitons [1, 2, 3, 4, 5, 6] which include those do not appear in
commutative theories. The noncommutative soliton in 2 + 1 dimensional scalar field
theory [2, 7, 8, 9] is one of important examples. Noncommutative field theory arises
also in open string theory with a B-field background [10, 11]; the effective field theory
on D-branes becomes noncommutative. Noncommutative solitons of such field theory
can be identified with various D-brane confugurations [12, 13, 14, 15, 6]. For example,
one may use tachyonic noncommutative solitons to construct lower dimensional D-branes
from unstable higher dimensional D-branes in the effective field theoretic description of
open string field theory [13]. In order to study dynamical aspects of D-branes, scattering
of noncommutative solitons [16] would play an important role. Recently, a systematic
construction of a multi-soliton solution was proposed [17, 18]. In these works, the level
one multi-soliton solutions and finite θ correction have been explored. Here, a level one
soliton is a radially symmetric Gaussian lump solution.
In this letter, we will study scattering of noncommutative solitons with higher levels in
the limit of the large noncommutativity(θ →∞). In particular, we will consider a system
which contains two solitons with level n and n′, respectively. A “level n” soliton means n
coincident level one solitons. We call this system the (n, n′)-system. We investigate the
Ka¨hler potential and metric of the moduli space of the (n, n′)-system. In this work, using
the expansion around the origin of the moduli space, we will show that the scattering of
the (n, n′)-system occurs at right angles in the case of zero impact parameter. We next
derive an exact Ka¨hler potential and the metric of the moduli space of the (n, 1)-system.
Using this metric we investigate some global aspects of the moduli space. We calculate
numerically the scattering angle for the (n, 1)-system as a function of the closest distance
and find that the closest distance is well approximated by a function a + b
√
n (a and b
are some constants) for a fixed scattering angle.
We begin with real scalar field theory on 2+1 dimensional noncommutative spacetime
with coordinates (t, x, y). It has spatial noncommutativity such as
[xˆ, yˆ] = iθ. (1)
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The action is
S = −
∫
dtd2x
{
1
2
(∂µφ)
2 + V (φ)
}
, (2)
where fields multiplication are defined by using the star product
(φ1 ⋆ φ2)(x, y) = exp
(
i
2
θ(∂ξ1∂η2 − ∂η1∂ξ2)
)
φ1(ξ1, η1)φ2(ξ2, η2)
∣∣∣∣
ξ1=ξ2=x, η1=η2=y
. (3)
For simplicity, we assume that the potential function V has only one local minimum at
φ = λ other than φ = 0, and V (0) = 0. In the following, we will only consider the case
of the large noncommutativity limit, θ → ∞. Rescaling x, y → √θx,√θy, the action is
dominated by the potential term so that the static field equation becomes
∂V
∂φ
(φ) = 0. (4)
One class of solutions to this equation can be constructed by using a function which
satisfies the condition
(φ0 ⋆ φ0)(x, y) = φ0(x, y). (5)
A solution to eq.(4) is given by λφ0(x, y)[2]. A function φ(x, y) on the noncommutative
plane can be mapped to an operator Φ(xˆ, yˆ) acting on the Hilbert space H of one particle
on the line. The relation between φ(x, y) and Φ(xˆ, yˆ) is given by using the Weyl-Moyal
correspondence:
Φ(xˆ, yˆ) =
∫
d2k
(2π)
φ˜(k)e−i(kxxˆ+ky yˆ), (6)
φ˜(k) =
∫
d2xφ(x, y)ei(kxx+kyy). (7)
With this correspondence, the energy of a solution φ can be written as
E[φ] = θ
∫
d2xV (φ) = 2πθTrH(V (Φ)). (8)
This formula tells us that if we find a solution Φ, then another solution which has the
same energy can be obtained by acting a unitary operator U on Φ as UΦU †.
An operator which satisfies the condition (5) is a projection operator. Thus the most
general solution of this class can be written using a set of orthogonal projection operators
{Pi}:
λ(P1 + P2 + · · ·). (9)
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Taking a = 1√
2
(xˆ + iyˆ) and a† = 1√
2
(xˆ − iyˆ), the Hilbert space can be regarded as the
Fock space of a harmonic oscillator. Any projection operator can be written by the Fock
basis {|n〉}. A rank k projection operator can always be written in the form
U( |0〉〈0|+ |1〉〈1|+ · · ·+ |k − 1〉〈k − 1| )U †. (10)
A diagonal projection operator |n〉〈n| corresponds to a radially symmetric configuration,
because it has the same number of creation and annihilation operators and a†a ≈ r2/2,
where r2 = x2+y2. The most basic solution is λ|0〉〈0|, which corresponds to the Gaussian
lump configuration centered at the origin. More generally, a field configuration φn(x, y)
which corresponds to |n〉〈n| is
φn(x, y) = 2(−1)ne−r2Ln(2r2), (11)
where Ln is the n-th Laguerre polynomial. If U = 1, the projection operator corresponds
to a radially symmetric configuration centered at the origin whose width is ∼ √n. If
U is a translation operator; U(z) ≡ eza†−z¯a where z = 1√
2
(x + iy), the corresponding
field configuration has the same profile but centered at (x, y) [2]. A rank k projection
operator is called a level k soliton in [2], but in this letter we define a level k soliton at z
as a projection operator onto a subspace spanned by {U(z)|0〉, U(z)|1〉, . . . , U(z)|k − 1〉}.
This can be shown to be equivalent to k coincident level 1 solitons by the coordinate
transformation in [17].
The solution for a system of k level 1 solitons [17, 18] each centered at zi (i = 1, . . . , k)
on the complex z-plane can be constructed using coherent states
|zi〉 ≡ U(zi)|0〉 = e− 12 |zi|2ezia† |0〉, U(zi) = ezia†−z¯ia, (12)
and is given as
Φ = λ|zi〉Gij〈zj |, (13)
or equivalently,
φ(z) = λ · 2GijGjie−2(z¯−z¯j)(z−zi). (14)
Here Gij is the n× n hermitian matrix
Gij = 〈zi|zj〉 = e− 12 |zi|2− 12 |zj |2+z¯izj , (15)
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and Gij is its inverse such that GilGlj = δ
i
j . The moduli space of this solution is
parametrized by zi. Its metric can be obtained by
gi¯ =
1
2πλ2
∫
d2x∂iφ∂¯φ =
1
λ2
Tr[∂iΦ∂¯Φ] (16)
which comes from the time derivative term in the action when we regard zi depending
(slowly) on time t [19, 16]. The metric (16) may also be expressed as
gi¯ = G
ij〈zj|aφ⊥a†|zi〉, (17)
where φ⊥ ≡ 1 − |zl〉Glm〈zm| and there is no summation over i and j. This moduli space
has a Ka¨hler structure and the Ka¨hler potential is given by the formula
K = ln
(
exp
(
k∑
l=1
|zl|2
)
· detG
)
= ln det(ez¯izj). (18)
This Ka¨hler potential has coordinate singularities when two or more zi’s coincide. These
singularities of Ka¨hler potential would appear as conical singularities of the metric. These
conical singularities have been explicitly examined in the case of k = 2 and k = 3 at the
origin of the respective moduli space. For example, in the case of k = 2 (z1 6= z2), the
metric is given as [16]
d2s =
1
2
f(r)(dr2 + r2dθ2),
f(r) = coth(r2/4)− r
2/4
sinh2(r2/4)
, (19)
where we have taken z1 = −z2 = reiθ/2
√
2 so that the relative distance between two
level 1 solitons is r. f(r) behaves ∼ r2 as r → 0, so if we take new coordinates ρ = r2
and θ˜ = 2θ, the metric becomes a flat one near the origin: ds2 ∝ dρ2 + ρ2dθ˜2. Thus a
soliton coming from θ˜ = 0 will pass through the origin (and the other soliton) smoothly
and go in the direction of θ˜ = π, i.e. θ = π/2. That is, the scattering of two level 1
solitons occurs at right angles. It is difficult to see the conical singularities explicitly in
the Ka¨hler metric (or potential) and to determine the deficit angle for higher k or for a
solution which contains higher level solitons, because the Ka¨hler potential and metric is
so complicated. The only exception is the case of scattering of two level n solitons and it
was conjectured in [16] that the scattering occurs also at right angles.
4
Now we will explore the locus of coincidence in the moduli space of a (n, n′)-system
by expanding a Ka¨hler metric around the origin of the moduli space of a multi-soliton
solution which consists of k level 1 solitons.
A Ka¨hler potential for the moduli space of the k soliton solution is given by (18).
Using the translational invariance of the theory, we can set the center of mass position
c = 1
k
∑k
i=1 zi simply at the origin. Let yi be the relative coordinates zi − c, then we have
K = ln det(ey¯iyj ). (20)
Expanding the exponentials in the determinant, we obtain
det(ey¯iyj ) =
1
k!
∞∑
m1,...,mk=0
1
m1! . . .mk!
|Fm(y)|2, (21)
where
Fm(y) ≡
∣∣∣∣∣∣∣
ym11 · · · ym1k
...
. . .
...
ymk1 · · · ymkk
∣∣∣∣∣∣∣ , m = (m1, . . . , mk). (22)
For δ = (0, 1, . . . , k − 1), Fδ(y) becomes the Vandermonde determinant
Fδ(y) =
∏
i>j
(yi − yj). (23)
Fm(y) is non-zero for 0 ≤ m1 < m2 < . . . < mk.
Let µ = m− δ = (µ1, . . . , µk) (0 ≤ µ1 ≤ µ2 ≤ . . . ≤ µk). Then Fm(y) can be expressed
as
Fm(y) = Sµ(y)Fδ(y), (24)
where Sµ(y) is a symmetric polynomial in yj of degree
∑k
i=1 µi and known as the Schur
function [20]. It is defined for a partition of
∑
i µi. So we may specify a Schur function
with a partition instead of µ: for example, S(0,0,...,0,1) = S1, S(0,...,0,1,1,2) = S2,1,1, etc. Their
explicit examples are given as follows:
S1 = e1,
S2 = e
2
1 − e2, S1,1 = e2,
S3 = e
3
1 − 2e1e2 + e3, S2,1 = e1e2 − e3, S1,1,1 = e3,
S4 = e
4
1 − 3e2e21 + 2e3e1 + e22 − e4, S3,1 = e2e21 − e22 − e3e1 + e4,
S2,2 = e
2
2 − e3e1, S2,1,1 = e3e1 − e4, S1,1,1,1 = e4,
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where em denotes the m-th elementary symmetric polynomial:
em =
∑
i1<···<im
yi1 · · · yim, (25)
Suppose that all of yi are small. the Ka¨hler potential K = ln det(e
y¯iyj ) can be rewritten
as
K = ln

 ∑
0≤µ1≤···≤µk
1
µ1!(µ2 + 1)! . . . (µk + k − 1)! |Sµ(y)|
2|Fδ(y)|2


= ln
{(
1 +
1
k
|S1|2 + 1
k(k + 1)
|S2|2 + 1
(k − 1)k |S1,1|
2 + . . .
)
|Fδ(y)|2
}
− ln(1! . . . (k − 1)!)
=
∞∑
m=1
(−1)m−1
m!
Gm + ln
∏
i<j
|yi − yj |2 − ln(1! . . . (k − 1)!), (26)
where
G =
1
k
|S1|2 + 1
k(k + 1)
|S2|2 + 1
(k − 1)k |S1,1|
2
+
1
k(k + 1)(k + 2)
|S3|2 + 1
(k − 1)k(k + 1) |S2,1|
2 +
1
(k − 2)(k − 1)k |S1,1,1|
2
+
1
k(k + 1)(k + 2)(k + 3)
|S4|2 + 1
(k − 1)k(k + 1)(k + 2) |S3,1|
2
+
1
(k − 1)k(k + 1) |S2,2|
2 +
1
(k − 2)(k − 1)k(k + 1) |S2,1,1|
2
+
1
(k − 3)(k − 2)(k − 1)k |S1,1,1,1|
2 + · · · . (27)
Because we are working in the center of mass system, we have e1 =
∑
i yi = 0, S2 = −e2,
S1,1 = e2 and so on. Thus G can be simplified. Furthermore, note that em can be rewritten
by pm =
∑k
i=1 y
m
i , e.g. e1 = p1, e2 = −12p2 + 12p21. Finally, we get the following expression
for K:
K =
∑
i<j
ln |yi − yj|2 − ln(1! . . . (k − 1)!) + 1
2(k2 − 1) |p2|
2 +
k
3(k2 − 4)(k2 − 1) |p3|
2
+
2
(k − 1)k(k + 2)(k + 3)
∣∣∣∣18p22 +
1
4
p4
∣∣∣∣
2
− k
2 + 1
16(k2 − 1)2k2 |p2|
4
+
2
(k − 3)(k − 2)k(k + 1)
∣∣∣∣18p22 −
1
4
p4
∣∣∣∣
2
+ · · · . (28)
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The first term in the above expression will diverge when some of yi are coincident, but
this divergence can be removed by the Jacobian of the coordinate transformation [17].
Let us briefly recall how this can be achieved. For instance, when n of zi coincide at
z = c+ w, we should redefine the basis from {ezia† |0〉}i=1,...,k to{
n∑
a=1
(V −1)abezaa
† |0〉
}
b=1,...,n
and {ezja† |0〉}j=n+1,...,k, (29)
where Vab ≡ (za − z)b−1 = (ya − w)b−1. The new basis vectors for b = 1, . . . , n become
(a†)b−1
(b− 1)!e
za† |0〉, (b = 1, . . . , n) (30)
as za − z = ya−w → 0. It corresponds to the merging process of n level 1 solitons into a
single level n soliton. This coordinate transformation changes the Ka¨hler potential from
K to
K ′ = K + ln(det(V −1)∗ det(V −1)) = K −∑
a<b
ln |ya − yb|2, (31)
in this limit. Here we have used eq.(23). K and K ′ are equivalent and give the same
metric. Thus the singular terms in K could be removed by this coordinate transformation.
This procedure is further applicable to the remaining zj (j = n + 1, . . . , k) repeatedly.
Therefore, we can get a expansion of a Ka¨hler potential corresponding to an arbitrary
level-(n1, n2, . . .) soliton solution (n1 + n2 + · · · = k) in the locus of coincidence from
eq.(28).
Now we can explore how the scattering of one level n soliton and one level n′ soliton
is (n + n′ = k). We call this system the (n, n′)-system. We will take y1 = · · · = yn =
n′y/k, yn+1 = · · · = yk = −ny/k, such that the relative distance is always r =
√
2|y|.
Then eq.(31) becomes
K ′ =
n2n′2
2(k2 − 1)k2 |y|
4 +
n2n′2(n− n′)2
3(k2 − 4)(k2 − 1)k3 |y|
6
+
n2n′2c8(k, n)
4(k2 − 9)(k2 − 4)(k2 − 1)2k4 |y|
8 + · · · , (32)
where,
c8(k, n) = k
6 − 10k5n+ 34k4n2 + 10k3n− k2 − 46k2n2 + 25k2m4 + 72kn3 − 36k4. (33)
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Then we get the Ka¨hler metric by gyy¯ = ∂y∂y¯K
′;
ds2 =
(
n2n′2
2(k2 − 1)k2 r
2 + · · ·
)
(dr2 + r2dθ2), y =
1√
2
reiθ (34)
This behavior is the same as the case of the (1,1)-system as we have seen in eq.(19). So
we conclude that the scattering of the (n, n′)-system occurs at right angles in the center
of mass system when the impact parameter is zero.
This behavior of the (n, n′) scattering can be explicitly examined by the Ka¨hler po-
tential using new basis. If we take k linearly independent (not necessarily orthogonal)
basis vectors {|ψi〉} which span a subspace of H, the rank k projection operator onto this
subspace is given by [17, 18]
P = |ψi〉hij〈ψj |. (35)
Here, hij is the inverse matrix of the k × k hermitian matrix
hij ≡ 〈ψi|ψj〉, (36)
so that hikhkj = δ
i
j . If the k basis vectors {|ψi〉} holomorphically depend on complex
parameters za, a natural metric on the moduli space is
gab¯ = Tr[∂aP∂b¯P ], (37)
and a Ka¨hler potential which gives this metric is given by [17] 1
K = ln det(hij). (38)
The above metric is the same one as the physical metric
gab¯ =
1
2πλ2
∫
d2x∂aφ∂b¯φ. (39)
up to a overall constant.
Now take the k = n + n′ basis vectors as
{|ψi〉} ≡
{
ew1a
† |0〉, a†ew1a† |0〉, . . . , a†n−1ew1a† |0〉,
ew2a
† |0〉, a†ew2a† |0〉, . . . , a†n′−1ew2a† |0〉
}
=
{
a†
ni
ezia
† |0〉
}
i=1,...,k
, (40)
1For the k level 1 solitons, if we define |ψi〉 ≡ ezia† |0〉 (i = 1, . . . , k) as in ref.[17] which is differ from
|zi〉 in eq.(12) by the normalization factor, then eq.(38) gives the same result as eq.(18).
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with
z1 = · · · = zn = w1, zn+1 = · · · = zk = w2,
ni =
{
i− 1, 1 ≤ i ≤ n,
i− n− 1, n + 1 ≤ i ≤ k. (41)
For this basis, the inner product matrix hij is expressed as follows:
hij = 〈ψi|ψj〉 =

ni!z¯
nj−ni
i L
(nj−ni)
ni (−z¯izj) · ez¯izj , ni ≤ nj ,
nj !z
ni−nj
j L
(ni−nj)
nj (−z¯izj) · ez¯izj , nj ≤ ni.
(42)
Here, L(α)n is the Laguerre polynomial:
L(α)n (x) =
n∑
r=0
(−1)r
(
n+ α
n− r
)
xr
r!
. (43)
From the Weyl-Moyal correspondence, we obtain the solution of the (n, n′)-system as
φ(z) = λhijφij(z), (44)
where φij(z) is a field configuration corresponding to |ψi〉〈ψj| . This is given by the
Weyl-Moyal correspondence:
φij(z) =

 (−)
nini!(2z − zi)nj−niL(nj−ni)ni ((2z¯ − z¯j)(2z − zi)) · φ0ij , ni ≤ nj
(−)njnj !(2z¯ − z¯j)ni−njL(ni−nj)nj ((2z¯ − z¯j)(2z − zi)) · φ0ij , nj ≤ ni,
(45)
Here, φ0ij(z) ≡ 2ez¯jzie−2(z¯−z¯j)(z−zi). Fig.1 is an example of a field configuration for a
(n, n′)-system plotted by using the above formulae.
In the case of the (n, 1)-system, the Ka¨hler potential can be calculated as follows. Let
us change the basis from |ψi〉 to
|ψ˜i〉 ≡ U(zi)|ni〉 (i = 1, . . . , k), U(zi) = ezia†−z¯ia, (46)
where |ni〉 are the Fock basis. zi and ni are the same as (41). The matrix hij can be
re-expressed with the k×k matrices Bij ≡ 〈ψ˜i|ψj〉 and h˜ij ≡ 〈ψ˜i|ψ˜j〉 which have structures
simpler than h;
hij = 〈ψi|ψj〉 = 〈ψi|ψ˜l〉h˜lm〈ψ˜m|ψj〉 = B∗ilh˜lmBmj = (B∗h˜−1B)ij. (47)
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Figure 1: An example of the (n, n′)-systems. This is a (3,2)-system plotted by using the
exact solution for a (n, n′)-system in case of r = 6.
Here, we have introduced the inverse matrix h˜ij of h˜ij such that h˜
ilh˜lj = δ
i
j . The second
equality in eq.(47) holds because {|ψi〉} and {|ψ˜i〉} span the same subspace of H and
|ψ˜l〉h˜lm〈ψ˜m| is the identity operator in this subspace. With the relation, we have
det h =
detB∗ detB
det h˜
. (48)
From (40) and (46), Bij is given by
Bij =


√
ni!e
− 1
2
|zi|2+z¯izj z¯nj−nii L
(nj−ni)
ni (−z¯i(zj − zi)), ni ≤ nj ,
nj !√
ni!
e−
1
2
|zi|2+z¯izj(zj − zi)ni−njL(ni−nj)nj (−z¯i(zj − zi)), nj ≤ ni.
(49)
For the (n, 1)-system, note that zi = zj = w1 (i, j ≤ n) and L(α)n (0) =
(
n+α
n
)
. Then we
obtain
B =


C1 w¯1C1 w¯
2
1C1 · · · w¯n−11 C1 C2(
1
1
)
C1
(
2
1
)
w¯1C1 · · ·
(
n−1
1
)
w¯n−21 C1 (w2 − w1)C2√
2!
(
2
2
)
C1 · · ·
√
2!
(
n−1
2
)
w¯n−31 C1
(w2−w1)2√
2!
C2
0 . . . ... ...√
(n− 1)!
(
n−1
n−1
)
C1
(w2−w1)n−1√
(n−1)! C2
C3 w¯2C3 w¯
2
2C3 · · · w¯n−12 C3 C4


, (50)
where C1 = e
1
2
|w1|2, C2 = e−
1
2
|w1|2+w¯1w2 , C3 = e−
1
2
|w2|2+w¯2w1 , C4 = e
1
2
|w2|2. Noting
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U(zi)a
† = (a† − z¯i)U(zi), h˜ij can be written for the (n, 1)-system as
h˜ =


1 G12
1 0 (w2 − w1)G12
1 (w2−w1)
2√
2!
G12
0 . . . ...
1 (w2−w1)
n−1√
(n−1)! G12
G21 (w¯2 − w¯1)G21 (w¯2−w¯1)2√2! G21 · · ·
(w¯2−w¯1)n−1√
(n−1)! G21 1


, (51)
where G12 = 〈w1|w2〉, G21 = 〈w2|w1〉. From these matrix forms, we can easily calculate
their determinants:
detB =
(
n−1∏
m=0
√
m!
)
e
n
2
|w1|2e
1
2
|w2|2
(
1− e−|w1−w2|2
n−1∑
m=0
|w1 − w2|2m
m!
)
, (52)
det h˜ = 1− e−|w1−w2|2
n−1∑
m=0
|w1 − w2|2m
m!
. (53)
From eqs.(48), (52) and (53), the determinant of h or the Ka¨hler potential is determined
as follows;
K = n|w1|2 + |w2|2 + ln
(
1− e−|w1−w2|2
n−1∑
m=0
|w1 − w2|2m
m!
)
+ ln
(
n−1∏
m=0
m!
)
=
n
n+ 1
|y|2 + ln
(
1− e−|y|2
n−1∑
m=0
|y|2m
m!
)
+ ln
(
n−1∏
m=0
m!
)
. (54)
In the second line, we have set w1 = y/(n + 1), w2 = −ny/(n + 1). The Ka¨hler metric
can be calculated from this as
gyy¯ = ∂y∂y¯K =
n
n+ 1
+
|y|2(n−1)
(n− 1)!
e−|y|
2
Q(|y|2)
(
n− |y|2 − |y|
2n
(n− 1)!
e−|y|
2
Q(|y|2)
)
, (55)
where
Q(x) ≡ 1− e−x
n−1∑
m=0
xm
m!
. (56)
We introduce coordinates (r, θ) by y = reiθ/
√
2 as before. The metric becomes ds2 =
f(r)(dr2 + r2dθ2), where
f(r) ≡ 1
2
{
n
n + 1
+
(r2/2)n−1
(n− 1)!
e−r
2/2
Q(r2/2)
(
n− r
2
2
− (r
2/2)n
(n− 1)!
e−r
2/2
Q(r2/2)
)}
. (57)
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Figure 2: The scattering angle for (n, 1)-systems. The curves indicate the case of n =
1, 2, 3, 4, 5, 6 (from left to right in the graph) respectively.
Expanding this around r ∼ 0, we get
ds2 ≈ n
2(n+ 1)2(n+ 2)
r2(dr2 + r2dθ2). (58)
This indeed agrees with the result (34). When the relative distance r between the level
n soliton and the level 1 soliton is very large, Q(r2/2) goes to 1. Immediate consequence
of this fact is that the Ka¨hler potential (54) behave as K ≈ n|y|2/(n + 1) and thus the
metric goes to a flat one in this limit;
ds2 ≈ n
2(n+ 1)
(dr2 + r2dθ2). (59)
That is, two solitons do not affect each other when they are remote. This is the same as
the case of the (1,1)-system.
Let us consider the (n, 1) scattering more. Using the above f(r), we can calculate
numerically the scattering angle in case that the impact parameter is nonzero. The
scattering angle θext is given by the formula [16]
θext = −2
∫ r0
∞
ds
s
√(
s2f(s)
/
r20f(r0)
)
− 1
, (60)
where r0 is the closest distance and related to the impact parameter b by b = r0
√
f(r0). For
n ≤ 6, the scattering angles are plotted in fig.2. When the closest distance goes to zero i.e.
the zero impact parameter limit, a scattering angle is π/2. As the closest distance or an
impact parameter becomes large, a scattering angle closes to π (no scattering limit). This
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Figure 3: The closest distance (n ≤ 30) for θext = 2.0, 2.5, 3.0 (from bottom to top in the
graph). The curves are the fitting curves in the text.
figure shows that for a fixed θext the closest distance r0 seems to be roughly proportional
to
√
n. This is expected from the fact that the (radially symmetric) level n soliton has
size
√
n. In fact, when θext is fixed to be 2.0, we observe that r0(θext = 2.0) ≈ −0.05 +
1.52
√
n. Similarly, when θext is fixed to be 2.5 and 3.0, r0(θext = 2.5) ≈ 0.81 + 1.48
√
n
and r0(θext = 3.0) ≈ 1.81 + 1.44
√
n respectively. These fittings are drawn in fig.3. These
observations are natural reflection of the width of the soliton, though it is difficult to see
this from the formula (60).
In this letter, we have seen some properties of a general (n, n′)-system. We conclude
that the (n, n′) scattering occurs at right angles in the case of the zero impact parameter.
We have confirmed that the right angle scattering is a universal property of two-body
scattering of noncommutative solitons. Especially for the (n, 1)-system, we have shown
directly the metric of the relative moduli space goes to a flat one far from the origin. This
could be generalized to arbitrary (n, n′)-systems. Finally we have numerically calculated
the scattering angle for the (n, 1)-system and found the closest distance for a fixed scat-
tering angle is well approximated by a function a + b
√
n (a and b are some numerical
constants). It may exist the similar relation for a (n, n′) scattering.
Note that as n becomes large, the Ka¨hler potential (54) for the (n, 1)-system diverges,
since Q(x) → 0. But even in this case, expanding the potential in terms of |y|2/n, and
neglecting a coordinate singularity ln |y|2, we can get the same formula for the metric as
eq.(58). The metric tends to be zero everywhere when n goes to infinity. If we rescale
13
y →√ny, then we see that in this new coordinate the scattering behavior of this system
is qualitatively the same as the case of finite n.
It is interesting to consider corrections to the metric when the noncommutativity
parameter is large but finite. It is also interesting to explore the multi soliton solutions
and their properties when gauge degrees of freedom are exist, where the solutions we have
considered in this letter can be a part of exact solutions even at finite θ[6]. These subjects
are left for future studies.
Acknowledgment The research of KI is supported in part by Grant-in-Aid from the
Ministry of Education, Science, Sports and Culture of Japan, Priority Area 707 “Super-
symmetry and Unified Theory of Elementary Particles”.
References
[1] N. Nekrasov and A. Schwarz, Instantons on noncommutative R4, and (2,0) su-
perconformal six dimensional theory, Commun.Math.Phys. 198 (1998) 689, hep-
th/9802068.
[2] R. Gopakumar, S. Minwalla and A. Strominger, Noncommutative Solitons, JHEP 05
(2000) 020, hep-th/0003160.
[3] A. P. Polychronakos, Flux Tube Solutions in Noncommutative Gauge Theories, Phys.
Lett. B495 (2000) 407, hep-th/0007043.
[4] D. P. Jatkar, G. Mandal and S. R. Wadia, Nielsen-Olesen Vortices in Noncommuta-
tive Abelian Higgs Model, JHEP 09 (2000) 018, hep-th/0007078.
[5] D. Bak, Exact Multi-vortex Solutions in Noncommutative Abelian-Higgs Theory,
Phys. Lett. B495 (2000) 251, hep-th/0008204.
[6] J. A. Harvey, P. Kraus and F. Larsen, Exact Noncommutative Solitons, JHEP 12
(2000) 024, hep-th/0010060.
[7] A. S. Gorsky, Y. M. Makeenko and K. G. Selivanov, On Noncommutative Vacua and
Noncommutative Solitons, Phys. Lett. B492 (2000) 344, hep-th/0007247.
14
[8] C. Zhou, Noncommutative Scalar Solitons at Finite θ, hep-th/0007255.
[9] A. Solovyov, On Noncommutative Solitons, Mod. Phys. Lett. A15 (2000) 2205, hep-
th/0008199.
[10] V. Schomerus, D-branes and Deformation Quantization, JHEP 06 (1999) 030, hep-
th/9903205.
[11] N. Seiberg and E. Witten, String Theory and Noncommutative Geometry, JHEP 09
(1999) 032, hep-th/9908142.
[12] K. Dasgupta, S. Mukhi and G.Rajesh, Noncommutative Tachyons, JHEP 06 (2000)
022, hep-th/0005006.
[13] J. A. Harvey, P. Kraus, F. Larsen and E. J. Martinec, D-branes and Strings as Non-
commutative Solitons, JHEP 07 (2000) 042, hep-th/0005031.
[14] D. J. Gross and N. A. Nekrasov, Monopoles and Strings in Noncommutative Gauge
Theory, JHEP 07 (2000) 034, hep-th/0005204.
[15] M. Aganagic, R. Gopakumar, S. Minwalla and A. Strominger, Unstable Solitons in
Noncommutative Gauge Theory, JHEP 04 (2001) 001, hep-th/0009142.
[16] U. Lindstro¨m, M. Rocˇek and R. V. Unge, Noncommutative Soliton Scattering, JHEP
12 (2000) 004, hep-th/0008108.
[17] R. Gopakumar, M. Headrick and M. Spradlin, On Noncommutative Multi-solitons,
hep-th/0103256.
[18] L. Hadasz, U. Lindstro¨m, M. Rocˇek and R. V. Unge, Noncommutative Multisolitons:
Moduli Spaces, Quantization, Finite θ Effects and Stability, hep-th/0104017.
[19] N. S. Manton, A Remark on the Scattering of BPS Monopoles, Phys. Lett. B110
(1982) 54; R. Leese, Low-energy Scattering of Solitons in the CP 1 Model, Nucl.
Phys. B344 (1990) 33.
[20] H. Weyl, Classical Groups (Princeton Univ. Press, 1949).
15
